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Whether you can observe a thing or not
depends on the theory which you use.
It is the theory which decides what can be observed.
No amount of experimentation can ever prove me right;
a single experiment can prove me wrong.
Albert Einstein
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Abstract
The present Ph.D. Thesis deals with several linear and non-linear phenomena
present in extensional laminar capillary flows, such as jets, drops and liquid
bridges.
When dispensing liquid from a vertical injector in the presence of gravity,
drops grow at the outlet until the surface tension forces can no longer balance
their weight and the pinch-off occurs. This dripping regime does not exist
above a critical flow rate, at which an abrupt transition to jetting takes place.
The parameters governing this transition are the liquid properties, the injector
radius and the liquid flow rate.
In this Thesis, experiments and global linear stability analysis are employed
to obtain the critical flow rate below which a liquid jet stretched by gravity
is no longer steady. The theoretical description, based on the one-dimensional
mass and momentum equations retaining the exact expression of the interfacial
curvature, accurately predicts the onset of jet self-excited oscillations experi-
mentally observed for wide ranges of liquid viscosity and nozzle diameter. The
analysis reveals the essential stabilizing role played by the axial curvature of
the jet, being this effect especially relevant for injectors with a large enough
diameter. The results obtained allow to conclude that, surprisingly, the size of
the steady threads produced at a given distance from the exit can be reduced
by increasing the nozzle diameter.
Detailed descriptions of the rich dynamics of both the dripping regime and
the transition to jetting are available in the literature, but only for small in-
jector sizes. Therefore, new experiments on the dripping dynamics and jetting
transition for a wide range of both liquid viscosities and injector diameters are
presented in this work. The results reveal the existence of new regimes of drip-
ping, which had not been observed before. In addition, the hysteresis present in
the dripping-jetting transition, previously measured only for the case of water,
is quantified for a liquid of higher viscosity for the first time.
The detailed characterization of the necking and pinching dynamics of drops
is often studied through the thinning process of an axially stretched liquid
iii
Abstract
bridge. In this context, recent works on the capillary break-up of particulate
suspensions show how the presence of particles modifies the expected thinning
behaviour of a liquid bridge. Nevertheless, in this kind of experiments the final
stage close to the pinch-off is not well understood yet. In this dissertation, the
different thinning velocities present near the pinch-off of particle suspensions in
a Newtonian matrix are modelled. To that end, the liquid trapped between two
end particles of finite diameter is considered as a stretching Newtonian liquid
bridge with a non-uniform prescribed motion of the boundaries. The model,
based on the one-dimensional mass and momentum conservation equations,
shows quantitative agreement with the experimental thinning and final pinch-
ing behaviour of suspending medium between individually monitored particles
in the suspension. Comparison of the model predictions with experiments of
suspensions with different particle sizes, volume fractions and matrix viscosities
confirms that the developed model constitutes an excellent tool to improve the
understanding of the detailed pinch-off mechanism of particle suspensions and,
importantly, allows to conclude that the description of the final stages does not
require non-Newtonian modelling.
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Resumen
En la presente Tesis Doctoral se estudian algunos fenómenos lineales y no li-
neales novedosos presentes en flujos de líquido en aire sometidos a estiramiento
axial, como es el caso de chorros, gotas y puentes líquidos.
Cuando se suministra un caudal constante de líquido a través de un inyector
vertical en presencia de la gravedad, se forman en la salida gotas que crecen
hasta que las fuerzas de tensión superficial no pueden contener el peso del
fluido, produciéndose el desprendimiento de la gota. Este régimen de goteo
deja de existir por encima de un caudal crítico, en el cual se produce una
abrupta transición que da lugar a un chorro. Los parámetros que gobiernan
esta transición son las propiedades del líquido, el radio del inyector y el caudal
de líquido inyectado.
En esta Tesis se emplea un análisis de estabilidad global, así como experi-
mentos, para obtener el caudal crítico por debajo del cual un chorro de líquido
newtoniano estirado por gravedad deja de ser estacionario. La descripción
teórica, basada en las ecuaciones unidimensionales de continuidad y cantidad
de movimiento en las que se retiene la expresión exacta de la curvatura, predice
de manera precisa la aparición de oscilaciones autoexcitadas observadas en los
experimentos, para rangos amplios de viscosidades del líquido y diámetros de
inyección. El análisis revela el esencial papel estabilizante de la curvatura ax-
ial, siendo este efecto especialmente relevante en inyectores con un diámetro
suficientemente grande. Los resultados obtenidos permiten concluir que, sor-
prendentemente, el diámetro del filamento líquido estacionario a una distancia
dada de la salida puede reducirse incrementando el diámetro de la tobera de
inyección.
En la literatura pueden encontrarse descripciones detalladas de la dinámica
tanto del régimen de goteo como de la transición al chorro, pero únicamente
para tamaños de inyector suficientemente pequeños. Por ello, en este trabajo
se presentan nuevos experimentos sobre la dinámica del goteo y la transición al
régimen de chorro, para un amplio rango de viscosidades del líquido de trabajo
y radios de inyector. Los resultados revelan la existencia de regímenes de goteo
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que no habían sido observados con anterioridad. Además, la histéresis presente
en las transiciones goteo-chorro, que había sido determinada sólo para el caso
del agua, se cuantifica para el caso de un líquido de mayor viscosidad.
La caracterización detallada de la dinámica de formación de un cuello en la
superficie libre del líquido y su posterior rotura por estiramiento es a menudo
estudiada a través del proceso de estrechamiento radial de un puente líquido
estirado axialmente. En este contexto, trabajos recientes en la rotura capilar
de suspensiones coloidales muestran cómo la presencia de partículas modifica
el comportamiento del puente líquido. Sin embargo, la etapa final cercana a
la rotura no está aún completamente entendida. En este estudio se mode-
lan las diferentes etapas de estrechamiento que existen cerca de la rotura por
estiramiento de suspensiones de partículas en una matriz newtoniana. Para
ello, el líquido atrapado entre dos partículas de tamaño finito es considerado
como un puente líquido newtoniano, que se estira axialmente obedeciendo a un
movimiento impuesto y no uniforme de sus extremos. El modelo, basado en
las ecuaciones unidimensionales de conservación, muestra un excelente acuerdo
cuantitativo si se usan como condiciones de contorno los resultados experi-
mentales de dos partículas individuales monitorizadas en la suspensión. La
comparación de las predicciones del modelo con experimentos de suspensiones
con distintos tamaños de partícula, concentraciones y viscosidades de la ma-
triz confirma que el modelo desarrollado constituye una excelente herramienta
para mejorar el conocimiento de los mecanismos detallados de rotura de suspen-
siones de partículas, y permite concluir que la descripción de las etapas finales
no requiere un modelado no newtoniano de la suspensión.
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ONE
Introduction: stretched capillary flows
Surface-tension-driven flows and, in particular, their tendency to fissure unbid-
denly into drops have attracted the attention of scientists for more than three
centuries, and the earliest systematic experiments can be found in the begin-
ning of the 19th century. Fragmentation of jets and liquid sheets, formation of
spume or sea spray by the wind blowing over the air-liquid interface, bursting
phenomena upon an impact, and raindrops are different examples of transi-
tions between a compact liquid volume and a dispersion of stable drops. As an
example, Figure 1.1 shows two photographs by Harold Edgerton that clearly
illustrate the intricate dynamics involved in the motion of free surfaces, and
reveal the formation of drops.
In the liquid flows mentioned above, encountered everywhere in nature, in-
dustry and basic science, instabilities give rise to ligaments that constitute the
sinews of atomization. Rayleigh, Plateau, and Maxwell developed the linear sta-
bility theory that explains the onset of break-up, but the non-linear behaviour
near the pinch-off of drops has only recently received attention due to its rele-
vance for a number of industrial applications, going from printing to mixing,
for instance.
The cohesive nature of liquids originates the surface tension effects that,
paradoxically, induce the break-up of jets, drops and liquid bridges. These
flows thus serve as a chef d’oeuvre for free-surface dynamics, hydrodynamic
instability and singularity formation leading to drop break-up, being an ideal
inquest for liquid properties, such as surface tension, viscosity or non-Newtonian
rheology, apart from their practical usefulness.
1.1 Liquid jets
The controlled generation of micron or sub-micron sized threads, films, drops
and bubbles is central to many applications in medicine, pharmaceutics, chem-
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Figure 1.1: Two photographs taken by Harold Edgerton. On the left, “Water from
a faucet”, the first one that Edgerton ever made that was not of a motor, in 1932. On
the right, a lawn sprinkler creating an impressive figure eight as the water twists and
disrupts into drops, taken in 1939. From Edgerton Digital Collection. c© 2010 MIT.
ical engineering and materials science (see e.g. Barrero & Loscertales, 2007;
Eggers & Villermaux, 2008; Rodríguez-Rodríguez et al., 2015, and references
therein).
The many different types of devices which, up to now, have been designed
for the production of such tiny structures, usually rely on generating highly
stretched thin fluid threads with diameters substantially smaller than that of
the injector. This is done with the purpose of avoiding the difficulties associated
with the fabrication and use of micron-sized solid geometries.
For instance, in fiber spinning applications (Pearson & Matovich, 1969;
Denn, 1980; Stokes et al., 2014), the narrowing effect on the jet is promoted
through its coupling with a rotating spinerett. In electrospinning devices (Doshi
& Reneker, 1995; Loscertales et al., 2002; Marín et al., 2007), the desired strong
stretching of the liquid column is caused by the tangential electrical stresses
acting on the jet surface. Another example is the use of a faster outer coflow
and its associated favourable pressure gradient, which has proven to be an ef-
ficient method for the generation of highly stretched microjets which, thanks
to the action of capillary instabilities, cause the disintegration of the innermost
fluid into microdrops or microbubbles (Gañán-Calvo, 1998; Marín et al., 2009;
Gordillo et al., 2014). As an example, Figure 1.2 shows experimental images of
highly stretched compound jets in an electrospinning setup devoted to achieve
micro- and nano-encapsulations, while in Figure 1.3 different regimes of a vis-
cous coflow are depicted.
2
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Figure 1.2: Structured Taylor cone (a) and downstream detail of two coaxial jets
(b) emitted from the vertexes of the two menisci in a electrospinning device. A Taylor
cone of water coated by a thin shell of olive oil (c), and by a thick shell of olive oil
(d). Adapted from Loscertales et al. (2002).
Figure 1.3: Images showing the generation of micro-emulsions in a coflow configu-
ration, when varying the flow rate and viscosity ratios. From Gordillo et al. (2014).
3
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Figure 1.4: Globally stable jet of PDMS silicone oil with kinematic viscosity ν = 20
cSt, injected vertically downwards through a tube of outer radius R = 2.5 mm at a
constant flow rate Q = 12.1 ml/min.
Alternatively, Figure 1.4 shows that gravity can also induce the desired
stretching effect on the jet formed when a liquid is injected though a verti-
cally orientated tube. Indeed, the case depicted in Figure 1.4 constitutes an
example of the so called ‘jetting regime’ in which a long filament develops when
the imposed flow rate is above a certain threshold that depends on the liquid
properties, the gravitational acceleration, and the radius of the injector.
Under these jetting conditions gravity accelerates the liquid downwards and,
as a consequence of the conservation of the liquid flow rate, the jet narrows
downstream and disrupts into drops with diameters significantly smaller than
that of the injection tube. A recent work on the effect of gravity on the shape
of viscous capillary jets is due to Montanero et al. (2011), where a compari-
son between numerical simulations and different models is performed. If the
gravitational effects are negligible, as occurs for small injection diameters, or in
microgravity environments, the diameters of the drops formed downstream in
this jetting regime are comparable to the injector size (Suñol & González-Cinca,
2015).
The capillary break-up at some point downstream along the jet occurs nat-
urally, due to the growth of small disturbances that are present in any envi-
ronment, leading to break-up lengths and droplet sizes with a certain standard
deviation because of the unavoidable noise in the facility. In the particular
case of strongly axially stretched jets, of interest for this dissertation, a re-
cent work that also uses one-dimensional modelling, as will be done in this
Thesis, is due to Consoli-Lizzi et al. (2014). However, the possibility of gen-
erating monodisperse drops arises if the break-up is controlled by forcing the
flow using e.g. electromagnetic or piezoelectric actuators. For instance, García
et al. (2014) have recently derived a model to predict the break-up length of
pressure-modulated slender capillary jets.
4
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Figure 1.5: Sequence of images showing the evolution of a pendant drop of PDMS
silicone oil of viscosity ν = 20 cSt, injected at a constant flow rate Q = 11 ml/min
through a tube of radius R = 2 mm. The time interval between two consecutive
frames is 1/250 s.
1.2 Drops
However, the stretching effect of gravity acting on a vertically orientated fluid
column is only relevant when the flow rate is above the jetting threshold men-
tioned in the previous section. In fact, if the liquid flow rate is not sufficiently
large, a jet is not formed but, instead, drops with diameters similar to that
of the injector, are emitted from the tube exit, being this the signature of the
so called ‘dripping regime’. As an example, Figure 1.5 shows the evolution of
a pendant drop of polydimethylsiloxane (PDMS) oil, issuing from a tube at a
constant flow rate.
Millimetric drops are routinely used for the characterization of fluid-fluid
interfaces. For instance, in the drop weight method, the static equilibrium
between surface tension forces and the weight of a pendant liquid drop allows
to extract the surface tension coefficient. The requirement of a small flow rate
to avoid dynamic effects could be a problem when the working fluid is volatile,
but the development of one-dimensional models to describe the dynamics of
drop formation avoids this limitation (Yildirim et al., 2005).
In fact, in many practical applications, the inertia of the flow is not negligi-
ble, and its competition with the gravitational and surface tension forces may
lead to chaotic behaviours, depending on the damping effect of the viscosity.
5
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The simplest and most common example is a dripping faucet, which has been
studied as a paradigm of chaotic system for many years (Shaw, 1984). For in-
stance, Coullet et al. (2005) gave a hydrodynamical explanation for this chaotic
behaviour through modelling and numerical simulations.
In addition, not only the process of drop formation prior to break-up is
of interest, but also the subsequent dynamics after the pinch-off of a drop.
For instance, the presence of undesired satellite droplets can be a problem in
some applications where monodispersity is a strong requirement. Consequently,
the dynamics of liquid ligaments has been thoroughly studied to provide in-
sight about the number and sizes of droplets resulting from a fragmentation
scenario (Villermaux, 2007). The problem was studied numerically by Notz
& Basaran (2004), where a comparison of the results of one-dimensional and
two-dimensional simulations is reported. Another relevant work is due to Mar-
mottant & Villermaux (2004a), who performed experiments pulling water from
a free surface with a rod, in a configuration similar to the liquid bridges that
will be presented in the next section. The experiments of Castrejón-Pita et al.
(2012) provided evidence for the conditions under which a recoiling liquid fila-
ment breaks up into one or multiple drops, for a wide range of the governing
parameters, while Driessen et al. (2013) analysed the same configuration both
analytically and by means of a numerical model. The phenomenon is of interest
for the inkjet printing industry, and Hoath et al. (2013) extended the geometry
of the liquid filament by adding a blob of liquid at one of the ends. The work by
Hoepffner & Paré (2013) should be also mentioned, because of the description
of a mechanism that may appear during the recoiling stage, namely an escape
from the pinching through a creation of a vortex ring.
1.3 Liquid bridges
The lapping of cats and dogs when drinking (Reis et al., 2010), the formation
of solidified strands in volcanic eruptions (Villermaux, 2012), the generation
of spray droplets (Marmottant & Villermaux, 2004b), and the characterization
of rheological properties of fluids (McKinley, 2005) represent a variety of phe-
nomena of great interest both for natural processes and technical applications.
These phenomena, despite their disparity, share a common fundamental feature:
the existence of a liquid bridge in air, under a strong axial stretching.
Liquids bridges have been widely studied in the past. From their equilibrium
shapes reviewed by Meseguer et al. (1999) to the dynamics of non-cylindrical,
6
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axisymmetric, nearly unstable bridges studied by Perales & Vega (2011) under
microgravity conditions.
The problem of a stretching liquid bridge originally received relatively lit-
tle attention compared to their static shapes and oscillations. Kroger & Rath
(1995) performed experiments using tracer particles to determine the elongation
rates inside the bridge, and Gaudet et al. (1994) used the boundary integral
method in the limit of Stokes flow to determine numerically the deformation
of Newtonian liquid bridges without break-up, as the previous step to the de-
sign of the pioneering experiments that today allow to measure the extensional
viscosity of non-Newtonian fluids (McKinley & Sridhar, 2002).
Later on, Zhang et al. (1996) provided a quantitative account of the effect
of the liquid properties and the geometry on the non-linear deformation and
break-up of stretching liquid bridges, by means of experiments and numerical
simulations. The effect of both soluble (Liao et al., 2004) and insoluble surfac-
tants (Liao et al., 2006) on the problem was also studied by Prof. Basaran’s
group.
Liquid bridges are commonly used as a model to characterize the detachment
of pendant drops. For instance, the released drop size at very low flow rates is
directly related to the stability of stretching capillary bridges (see e.g. Eggers,
1997).
In the last years, the configuration has attracted a lot of attention along
several areas unsufficiently investigated. For instance, Vincent et al. (2014b)
studied the remnants after a fast withdrawal; the early-time forced dynamics in
the viscous case was described by means of an asymptotic analysis by Vincent
et al. (2014a); the dynamics of liquid bridges close to the minimum-volume sta-
bility was studied both experimentally and numerically by Vega et al. (2014),
and Duchemin et al. (2015) derived a self-similar solution for the impulse re-
sponse in the inviscid case.
The most prominent example of the use of a liquid bridge as a model system
to characterize the thinning and break-up of filaments is the Capillary Breakup
Extensional Rheometer, CaBER. A sample of liquid is held between two rods,
that are pulled apart to create a slender unstable filament whose temporal evo-
lution allows to extract material properties of the fluid, such as the extensional
viscosity (McKinley & Tripathi, 2000), or the relaxation time in case of visco-
elastic fluids. An example of a CaBER experiment with glycerol as a sample
liquid is shown in Figure 1.6.
7
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Figure 1.6: Sequence of images showing the initial configuration and extensional de-
formation of a viscous glycerol filament followed by the onset of viscocapillary drainage
leading to break-up in a CaBER experiment. Adapted from McKinley & Tripathi
(2000).
1.4 Complex fluids
In all the configurations presented up to this point, the liquid properties are
crucial to determine the flow characteristics. Indeed, many of the fluids used in
applications such as inkjet printing, spraying, or dispensing operations in the
alimentary or pharmaceutical industries often exhibit a complex rheological
behaviour (Chen, 2009). Thus, an operation as simple as the accurate dosing
of a liquid can be a problem depending on the fluid properties (Clasen et al.,
2012).
The strain-stress relationship associated with non-Newtonian fluids is a
source of complex behaviour. As an example, the differences between New-
tonian and shear thinning fluids in a stretching liquid bridge was studied nu-
merically by Yildirim & Basaran (2001), showing that the dynamics may be
substantially modified when considering even the most simple generalized New-
tonian fluid.
Another relevant aspect of the fluid is its possible viscoelastic behaviour.
In fact, fluids used in fiber spinning applications often contain long entangled
8
1.5. Outline of the dissertation
Figure 1.7: Sequence of images showing the ‘gobbling’ phenomenon: a large
terminal drop periodically develops at the end of a thin jet of a viscoelastic fluid.
From Clasen et al. (2009).
polymeric chains that, when stretched, are capable of ravelling out and recover
later, thus adding elasticity to the material properties. This viscoelastic be-
haviour can be found in many liquids, some of them as familiar as saliva. The
phenomenon of beads on a string studied by Bhat et al. (2010) is a consequence
of the interplay of viscosity, inertia, capillarity and elasticity in the thinning and
break-up of filaments. Another example of how the elastic recovery modifies
the dynamics of the jetting to dripping transition can be found in Clasen et al.
(2009), where the existence of large drops of size much greater than the injector
diameter attached at the tip of the jet is reported and explained. Figure 1.7
depicts an example of the latter phenomena, called ‘gobbling’.
In addition, the presence of solid particles in a viscous liquid is another
example of complex fluid. Suspensions are ubiquitous in nature and industry,
with many different examples such as blood, paints and waste slurries. Inks used
in daylife printing operations contain solid particles that can modify the normal
dripping and jetting response (Basaran et al., 2013) and every novel printing
application recently developed or in progress has to deal with the jetting of
suspensions (Hoath et al., 2014).
1.5 Outline of the dissertation
The present dissertation can be summarized as follows. In Chapter 2 the critical
flow rate for which a free falling liquid jet is no longer steady, namely, the flow
rate for which the jetting to dripping transition takes place is determined. More
9
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precisely, the range of liquid viscosities as well as the injection nozzle diameters
explored by Sauter & Buggisch (2005) have been increased, finding that the
experimental measurements are in strong disagreement with their theoretical
predictions, a fact that motivates to revisit their analysis. The main conclu-
sion drawn from Chapter 2 is that the one-dimensional equations by García &
Castellanos (1994) and Eggers & Dupont (1994), which retain the expression
for the full curvature in the formulation, are able to accurately predict not only
the critical flow rate for which the jetting to dripping transition takes place but
also the frequency of the self-sustained oscillations experienced by the jet at the
critical conditions.
Chapter 3 deals with the non-linearity of the dripping regime, extending the
works of Ambravaneswaran et al. (2004) and Subramani et al. (2006) on the
complex response of a dripping faucet. Specifically, the range of injector sizes
has been increased, showing that the previous scaling laws for the jetting tran-
sition fail when considering injector radii larger than those previously studied.
In addition, new phase diagrams are depicted in regions of the parameter space
not explored before, finding new regimes with the presence of satellite drops
which had not been reported up to date.
In Chapter 4 the drop formation of dilute particulate suspensions in a New-
tonian matrix is studied by investigating the thinning dynamics of a liquid
bridge. The work of McIlroy & Harlen (2014) is extended to describe the
final stage before break-up of a suspension, which occurs in a liquid thread be-
tween two confining beads. The model, based on the one-dimensional mass and
momentum conservation equations, shows quantitative agreement with the ex-
perimentally observed deceleration and final pinching behaviour of the medium
between individually monitored particles in the suspension (Mathues et al.,
2015).
Finally, the conclusions of this Ph.D. Thesis are summarized in Chapter 5
together with the future prospects.
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2.1 Introduction
The purpose in this chapter is to find both from an experimental and a theo-
retical point of view the critical flow rate Qc determining the transition from
jetting to dripping, not the boundary for which the inverse transition, i.e, from
dripping to jetting, takes place. Indeed, Clanet & Lasheras (1999) reported that
Qc presents a hysteretic behaviour since the value of the critical flow rate for
which an initially long jet disappears as a consequence of slowly decreasing the
injected flow rate, i.e. the transition from jetting to dripping, is smaller than
the critical value for which a long jet is formed when the flow rate is slowly
increased starting from a situation in which drops are emitted directly from the
tube exit, i.e. the transition from dripping to jetting. Notice that the minimum
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achievable drop size decreases with the critical flow rate for a given fluid and
injector size and that our purpose here is to envisage an alternative method
to reduce as much as possible the size of the fluid filaments generated from a
given nozzle by means of gravitational acceleration. These reasons, together
with the hysteretic behaviour of the critical flow rate described above, justify
the focus put here on the study of the transition from jetting to dripping, not
on the reverse situation.
To characterize the transition from jetting to dripping from a purely theoret-
ical point of view, Leib & Goldstein (1986) analysed the growth and propagation
of capillary perturbations on a purely cylindrical jet. These authors found that,
for a given liquid and nozzle exit diameter, there exists a critical flow rate below
which the spatial analysis (Keller et al., 1972; Guerrero et al., 2012) is not well
posed since the flow is absolutely unstable (Landau, 1946; Briggs, 1964; Huerre
& Monkewitz, 1985) i.e., the perturbations grow in time without propagating
and the jet formation process is thus inhibited. Nevertheless, the theoretically
determined boundary separating the region where the jet is absolutely unstable
from that in which it is convectively unstable, is only in order of magnitude
agreement with the experimentally determined critical conditions for which the
jetting to dripping transition takes place. This is due to the fact that the type of
analysis that rests on the parallel flow assumption can only be applied to flows
that are weakly non-parallel at the wavelength of the unstable mode and so, in
cases like that shown in Figure 1.4, where a highly stretched jet is depicted, the
use of classical parallel stability theory is, at least, questionable.
To overcome the limitations associated with local stability theory, several
studies have taken into account both global and non-parallel effects in the anal-
ysis. In particular, Schulkes (1994) performed a numerical study of drop forma-
tion under the assumption of ideal flow, obtaining a dripping-jetting transition
when the injected flow rate exceeds a critical value that depends on the size
of the injector. For slender jets in which the inertial effects are dominant over
gravity forces, Le Dizès (1997) extended the work of Leib & Goldstein (1986),
showing that a global instability prevents the formation of the jet for small
enough exit velocities and Senchenko & Bohr (2005) used multiple scale analy-
sis to show the stabilizing effect of gravitational acceleration in the growth of
capillary perturbations. Unfortunately, the stability theory of Le Dizès (1997),
which is the first to account for weakly non parallel effects, does not predict
the experimental observations of Clanet & Lasheras (1999), but Sevilla (2011)
showed that the agreement between the spatiotemporal stability theory and
18
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Figure 2.1: Sketch of the problem and the physical parameters involved in the
model.
experiments notably improves if viscous relaxation effects are taken into ac-
count. Finally, of special interest for the purposes of the present investigation
is the study by Sauter & Buggisch (2005), who theoretically and experimentally
analysed the global stability of very viscous jets (ν > 10−3 m2/s) stretched by
gravity. In their work, Sauter & Buggisch (2005) were the first to describe a
linear global mode which represents self-sustained oscillations of the jet and,
in addition, calculated the critical flow rate at which this oscillating mode is
experimentally observed.
2.2 Problem statement
The conceptual definition of the problem is simple. Consider a Newtonian liquid
of density ρ, and kinematic viscosity ν. This liquid is injected into stagnant
air in the presence of a gravitational acceleration g, being σ the corresponding
liquid-air surface tension coefficient. The surrounding gaseous atmosphere is
considered to be at ambient pressure pa, and the injection takes place through
a cylindrical injector of radius R at a constant flow rate Q, as depicted in
Figure 2.1.
2.2.1 Experimental setup
The experimental setup consists of a vertically oriented capillary tube of radius
R through which different PDMS silicone oils from Sigma-Aldrich, whose prop-
erties are summarized in Table 2.1, are injected at a constant flow rate using a
Harvard Apparatus PhD Ultra syringe pump. The jet images are recorded using
a Red Lake Motion Pro X high speed camera. To avoid ambient disturbances,
both the injector and the camera are installed inside a chamber placed on a
vibration-isolation table. The liquid is supplied through either Sigma Aldrich
19
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those of the liquid. Thus, the continuity equation writes,
∂r¯2j
∂t¯
+
∂(r¯2j u¯)
∂z¯
= 0, (2.1)
while the momentum equation along the axial coordinate takes the form
∂u¯
∂t¯
+ u¯∂u¯
∂z¯
= −1
ρ
∂p
∂z¯
+ g + 3ν
r¯2j
∂
∂z¯
(
r¯2j
∂u¯
∂z¯
)
, (2.2)
where the dependent variables u¯ and r¯j are the liquid velocity and jet radius
respectively, z¯ is the axial coordinate and t¯ is time.
In (2.2), p denotes the liquid pressure, which can be expressed as the sum
of the ambient pressure plus the capillary pressure,
p = pa + σC¯, (2.3)
where C¯ indicates the interfacial curvature
C¯ = r¯−1j
[
1 +
(
∂r¯j
∂z¯
)2]−1/2
− ∂
2r¯j
∂z¯2
[
1 +
(
∂r¯j
∂z¯
)2]−3/2
. (2.4)
The choice of the leading-order momentum equation (2.2), over more pre-
cise higher-order one-dimensional descriptions like the parabolic model devel-
oped by García & Castellanos (1994), was due to the fact that (2.2) is the
simplest approximation of the axial momentum equation that incorporates the
main physical mechanisms involved in the global stability of the jetting regime,
namely liquid inertia, as well as viscous, gravitational and surface tension forces.
The solution depends on the constant flow rate Q and on the size of the
injector R through the boundary conditions at z¯ = 0:
r¯j(0, t¯) = R, (2.5)
u¯(0, t¯) = U, (2.6)
being U = Q/(piR2) the mean velocity at the nozzle exit.
2.3.1 Dimensionless formulation
It proves convenient to carefully choose the characteristic scales used to non-
dimensionalize the equations (2.1)-(2.2). The first attempt would be to consider
the radius of the injector as the characteristic length scale zc = R, and the
mean outlet velocity as velocity scale, uc = U . With this choice, the three non-
dimensional parameters governing the problem would be the Reynolds number,
21
2. Capillary jets: shape and stability
Re = RU/ν, the Froude number, Fr = U2/(gR), and the Weber number,
We = ρU2R/σ, defined as usual.
The use of these scales would introduce the three non-dimensional parame-
ters in the momentum equation (2.2), while the dimensionless boundary condi-
tions at the outlet would be equal to one independently of the parameter values.
Although this can be considered as an advantage, it turns out that the vari-
ations of some of the stability properties, like the non-dimensional eigenmode
frequencies, span several orders of magnitude, thus suggesting that a better
scaling for the flow variables, based on the physics of the problem, is clearly
possible.
To that end, the proper characteristic scales have been found by balanc-
ing the different terms of the momentum equation (2.2). Note that the non-
dimensionalization must take gravity into account, since it is the basic stretching
mechanism in the flow under study, but keeping in mind that it is desirable to
contemplate the inviscid limit as a regular one.
The order of magnitude of the different terms in (2.2) is
u¯
∂u¯
∂z¯
∼ u
2
c
zc
, (2.7)
1
ρ
∂p
∂z¯
∼ σC
ρzc
∼ σ
ρrj,czc
, (2.8)
where rj,c is the length scale for the jet radius, and it has been taken into
account that the curvature C ∼ r−1j,c . It is reasonable to use only one length
scale for both z and rj for simplicity but also because the focus is on small
values of the Weber number for which ∂rj/∂z ∼ O(1). In addition, this choice
improves the stability of the numerical method used to solve the problem, which
will be explained in Section 2.4.
When the flow rate is small, as occurs when thin jets are desired close to
the outlet, the Weber number is also small. Thus, the gravity and pressure
gradient terms are in dominant balance near the exit, where the jet behaves as
a static meniscus at leading order. In contrast, inertial effects become dominant
over the surface tension terms sufficiently far downstream. Consequently, it is
possible to balance the three mentioned terms,
u2c
zc
∼ σ
ρz2c
∼ g, (2.9)
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yielding the following characteristic scales
zc =
(
σ
ρg
)1/2
, (2.10)
uc =
(
σg
ρ
)1/4
, (2.11)
tc =
zc
uc
=
(
σ
ρg3
)1/4
. (2.12)
The characteristic length scale for the problem is, thus, the capillary length
lσ, while the velocity scale is the free-fall velocity based on this length
√
g lσ
(Senchenko & Bohr, 2005), and the variables in equations (2.1)-(2.4) can be
made dimensionless using these scales, yielding
∂r2j
∂t
+
∂(ur2j )
∂z
= 0, (2.13)
∂u
∂t
+ u∂u
∂z
= 1− ∂C
∂z
+ Γ
r2j
∂
∂z
(
r2j
∂u
∂z
)
, (2.14)
being rj = r¯j/lσ, u = u¯/
√
g lσ, z = z¯/lσ and t = t¯/tc the corresponding
dimensionless variables.
Thus, the system (2.13)-(2.14) only depends on the Kapitza number Γ,
defined as
Γ = 3ν
(
ρ3g
σ3
)1/4
, (2.15)
which is constant for a given liquid and a fixed value of the gravitational ac-
celeration. The dimensionless version of the boundary conditions (2.5)-(2.6)
reads:
rj(0, t) =
R
lσ
= Bo1/2, (2.16)
u(0, t) = U√
g lσ
= We1/2Bo−1/4, (2.17)
where Bo = ρgR2/σ is the Bond number.
2.3.2 Steady state
For globally stable jets like those shown in Figure 1.4, both the steady jet shape
rj0 and the corresponding liquid velocity can be described making use of the
steady solution of the continuity equation (2.13),
r2j0u0 = q → u0 = q/r2j0, (2.18)
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being q = Bo3/4We1/2 the dimensionless flow rate, and of the steady form of
the momentum equation (2.14),
u0u
′
0 = 1− C′0 + Γ r−2j0
(
r2j0u
′
0
)′
, (2.19)
where primes denote derivatives with respect to z and C0 is the expression of the
jet interfacial curvature when rj is replaced by rj0 in the dimensionless version
of equation (2.4). The substitution of the equation for u0 given in (2.18) into
(2.19) provides the following equation for rj0,
−r2j0C′0 + 2qΓ
[
r−2j0
(
r′j0
)2 − r−1j0 r′′j0]+ 2q2r−3j0 r′j0 + r2j0 = 0, (2.20)
which needs to be solved subjected to the steady counterpart of the boundary
condition (2.16),
rj0(z = 0) = Bo1/2. (2.21)
In equation (2.20), notice that the term associated to the capillary pressure
gradient writes
−r2j0C′0 =
r′j0[
1 +
(
r′j0
)2]1/2 + rj0r′j0r′′j0 + r2j0r′′′j0[1 + (r′j0)2]3/2 −
3r2j0r′j0
(
r′′j0
)2[
1 +
(
r′j0
)2]5/2 . (2.22)
2.3.3 Linear stability
To find the critical conditions at which the jetting to dripping transition takes
place, it is necessary to determine whether the solutions to equations (2.20)-
(2.22) are stable or sustain the self-excited oscillations. To that end, solutions
to the system (2.13)-(2.14) of the form
rj(z, t) = rj0(z) + ε rj1(z) eωt, (2.23)
u(z, t) = u0(z) + ε u1(z) eωt, (2.24)
are sought for, where ε  1, ω is an eigenfrequency, and rj1(z), u1(z) denote
the corresponding eigenfunctions. Therefore, the steady solution will be stable
if ωr < 0, and will be unstable provided that ωr ≥ 0, with ωr = R(ω) and
R denoting the real part. Notice also that ωi = I(ω) represents the oscilla-
tion frequency of the normal mode, being I the imaginary part. Substituting
the Ansatz (2.23)-(2.24) into equations (2.13)-(2.14), and retaining the terms
proportional to ε, yields the following system for the eigenvalues ω,[
Mcr Mcu
Mmr Mmu
][
rj1
u1
]
= ω
[
rj1
u1
]
, (2.25)
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withMji denoting the following differential operators,
Mcr = −
q
r2j0
D +
q r′j0
r3j0
I , (2.26)
Mcu = −
rj0
2 D− r
′
j0 I , (2.27)
Mmr =
4∑
k=1
s2k−1 Tk − 4Γq
(
r′j0
r4j0
D−
(
r′j0
)2
r5j0
I
)
, (2.28)
Mmu = Γ
(
D2 +
2r′j0
rj0
D
)
− q
r2j0
D +
2q r′j0
r3j0
I . (2.29)
In (2.26)-(2.29), I is the identity operator, Dn ≡ dn/dzn, s(z) = [1+(r′j0)2]−1/2
and
T1 = 1
r2j0
D− 2r
′
j0
r3j0
I, (2.30)
T2 = D3 +
r′j0
rj0
D2 −
[(
r′j0
)2
r2j0
− r
′′
j0
rj0
]
D− r
′
j0 r
′′
j0
r2j0
I, (2.31)
T3 = −6 r′j0 r′′j0 D2 − 3
[(
r′j0
)2
r′′j0
rj0
+
(
r′′j0
)2 + r′j0 r′′′j0
]
D, (2.32)
T4 = 15
(
r′′j0
)2 (
r′j0
)2 D. (2.33)
2.4 Numerical procedure
To solve both equation (2.20) for rj0, and the system (2.25) for the eigenvalues
ω, the corresponding differential operators are discretized using a Chebyshev
collocation method (Canuto et al., 2006). To that end, the physical domain, 0 ≤
z ≤ L is mapped into the interval −1 ≤ y ≤ 1 by means of the transformation
z = bL(1 + y)2b+ L(1− y) , (2.34)
where b is a parameter that controls the clustering of nodes at z = 0 and z =
L. Derivatives with respect to z are calculated using the standard Chebyshev
differentiation matrices and the chain rule (see Appendix A for details). The
non-linear differential equation (2.20) is solved first using an iterative Newton-
Raphson method. Once rj0 is known at the N Chebyshev collocation points,
the discretized version of (2.25), which results in a linear algebraic eigenvalue
problem to determine the 2N eigenvalues ωk, k = 1 . . . 2N , and their corres-
ponding eigenfunctions (rkj1, uk1) at the N collocation points, is solved using
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standard Matlab R© routines. Notice that the eigenfunctions must accomplish
rj1(z = 0) = u1(z = 0) = 0, and that there is no need to impose additional
boundary conditions at z = L. This is due to the fact that the numerical method
naturally converges, in the limit z →∞, to the most regular asymptotic solution
of equation (2.20), namely rj0 → q1/2(2z)−1/4, and to that of equation (2.25).
Although all the results reported in the present chapter were computed with
values of L, N and b within the ranges 100 ≤ L ≤ 150, 100 ≤ N ≤ 200 and
20 ≤ b ≤ 80, it has been carefully checked that the leading eigenvalues and
eigenfunctions are insensitive to the values of these parameters. Several tests
have been also performed using the Neumann boundary conditions at z = L
chosen by Sauter & Buggisch (2005), namely Du0(L) = 0 for the steady flow
and Du1(L) = 0 for the disturbance, giving identical results for large enough
values of L.
2.5 Comparison with experiments
Figure 2.3 compares the solution rj0(z) of equation (2.20) obtained for different
values of the control parameters (Γ, Bo,We) with their corresponding experi-
mental images. As an example of the accuracy of the model, the maximum
relative deviation between the theoretical and the experimental jet profile in
Figure 2.3(b) is less than 1.85%. It should be pointed out that the almost
perfect match between theory and experiments shown in Figure 2.3 has no free
parameters, what constitutes the first evidence supporting the present analysis.
It is also important to emphasize that the agreement is lost if the expression
for the interfacial curvature given in (2.4) is substituted by its slender approx-
imation, C0 ' 1/rj0, as was done e.g. in Sauter & Buggisch (2005).
Once the steady shape of the jet is calculated for arbitrary values of the
control parameters, the spectrum of eigenvalues and their corresponding eigen-
functions is calculated following the method described in Sections 2.3 and 2.4.
Figure 2.4 shows the results obtained for Γ = 5.83, Bo = 1.8 and two different
values of We. In Figures 2.4(a–c), in which the value of the Weber number is
We = 8× 10−3, the jet is stable since max(ωkr ) < 0, while in Figures 2.4(d–f),
where We = 3× 10−3, the jet is unstable as the real part of the leading eigen-
value is slightly positive. From the results of Figure 2.4 it is deduced that the
dominant eigenmode of the jet, firstly described by Sauter & Buggisch (2005),
represents an oscillation of the liquid column of wavelength much larger than
the nozzle radius. Notice also from Figure 2.4 that the wavelength grows down-
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(a)
(b)
(c)
Figure 2.3: Comparison of the steady solution given by equation (2.20) with ex-
periments for Γ = 5.83, Bo = 0.71, We = 2.62 × 10−2 (a), Γ = 1.67, Bo = 1.81,
We = 6.06× 10−3 (b) and Γ = 3.33, Bo = 5.53, We = 1.85× 10−3 (c).
r j1
−1
0
1
z
0 20 40 60 80 100 120
real
imag
(f)
r j0
0
1
(e)
−1
0
1 (c)
0
1
z
0 20 40 60 80 100 120
(b)
0
1
2
3
ωr−2 −1 0
(d)
ω i
0
1
2
3
ωr−2 −1 0
(a)
ω i
r j1
r j0
Figure 2.4: Spectrum of eigenvalues ω, steady shape of the jet, rj0(z), and real and
imaginary parts of the leading eigenfunction for Γ = 5.83, Bo = 1.8 and two different
values of We: in (a–c) We = 8 × 10−3 (stable case), and in (d-f) We = 3 × 10−3
(unstable case). The leading eigenvalue in (a) and (d) is enclosed with a circle.
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stream as a consequence of the liquid acceleration, an effect already described
by Tomotika (1936) and Frankel & Weihs (1985). Figure 2.4 also reveals that,
since near the outlet the leading global mode evolves on a length scale larger
than that associated to the variations of the steady jet, the classical parallel
stability analysis based on local wavetrains cannot be used to correctly predict
the global stability of the flow.
To check the validity of the global stability theory derived herein, the crit-
ical flow rate below which the jet experiences unsteady oscillations has been
experimentally determined for each of the liquids and nozzles used. The jet
was initially generated imposing a constant flow rate Q above the critical one,
Qc, and then Q was smoothly reduced to new constant values. If the jet re-
mains stable, this process was repeated decreasing the final flow rate in 0.1
ml/min, until the self-excited oscillations were firstly observed, what fixed the
value of Qc and the corresponding value of the critical Weber number, Wec. In
addition, the frequency of the oscillations was also measured from the analysis
of the videos recorded at Q = Qc. Figure 2.5(a) shows the measured values
of the critical Weber number for the particular case of Γ = 5.83 and different
values of the Bond number within the range 0.33 ≤ Bo ≤ 5.53, together with
several theoretical transition curves. The result of Sauter & Buggisch (2005),
which reads
WeSBc = 0.0529 Γ−0.396Bo−0.297 (2.35)
when expressed in terms of the dimensionless variables used here, is well above
the experimental measurements. This evidence indicates that real jets are stable
for flow rates substantially smaller than those predicted by Sauter & Buggisch
(2005). The mismatch between their theoretical result and experiments is due
to the fact that these authors approximate the interfacial curvature by its slen-
der approximation C ' r−1j . Indeed, as can be appreciated in Figure 2.5, the
theoretical transition curve closely follows the experimental points for Bo & 1,
whereas it reproduces the results in Sauter & Buggisch (2005) when the ex-
pression for the full curvature given in (2.4) is substituted by C ' r−1j . This
conclusion highlights the essential role played by the axial curvature in stabiliz-
ing the jet, as was already pointed out by Plateau (1873) and Rayleigh (1878).
This stabilizing effect is especially relevant for large values of Bo, i.e. when
the jet is highly stretched downstream. Notice also from Figure 2.5(b) that
the frequencies of oscillation measured at the critical conditions are accurately
predicted by the model.
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distance from the injector thanks to gravitational stretching? Notice first that,
for z  1, the asymptotic expression for the jet radius is given by
rj0 → q1/2 (2z)−1/4 (2.37)
and, therefore,
rmin = (2z)−1/4Bo3/8We1/4c (Bo,Γ). (2.38)
Equation (2.38) indicates that, for a given Γ, the size of the thread at a fixed
axial position decreases when the diameter of the injector increases provided
that Wec ∝ Bo−n with n > 3/2. It can be deduced from Figure 2.6 that
the latter condition is fulfilled beyond a certain critical Bond number that
depends on Γ. To illustrate this idea, it is interesting to note that, according to
equation (2.38) and Figure 2.6, for a liquid with viscosity ν = 350 cSt issuing
from a nozzle of radius R = 3.5 mm, a steady liquid thread of radius 80 µm
can be produced at a distance of 15 cm from the outlet if the amplitude of
the external noise is sufficiently small. This type of result would be impossible
to predict without the precise theoretical description of the critical flow rate
provided here.
2.6 Conclusions and future works
In this chapter, it has been shown that the jetting to dripping transition ex-
perienced by highly-stretched free falling vertical liquid jets can be accurately
described by the simple one-dimensional mass and momentum equations, pro-
vided that the exact expression of the interfacial curvature of the jet is re-
tained in the analysis. It has been demonstrated that axial curvature of the
jet, neglected in previous analyses, plays a central role in stabilizing the highly
stretched liquid thread. Indeed, the predicted critical flow rates at which the
liquid jet is self-excited show a very good agreement with the experimental
measurements and are, depending on the Bond and Kapitza numbers, up to
three orders of magnitude smaller than those reported in the literature (see
e.g. Sauter & Buggisch, 2005). These new results indicate that the size of the
micron-sized jets generated at a particular distance from the nozzle outlet can
be reduced increasing the exit diameter of millimetric injection tubes.
The linear analysis presented cannot predict the long-time dynamics of glo-
bally unstable jets. Indeed, below the critical flow rate, the amplitude of the
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self-excited oscillations may either grow in time or evolve towards a limit cycle.
In the former case, the jet would disrupt into drops leading to a dripping regime,
whereas in the latter, the jet would oscillate without breaking. The analysis of
the conditions determining the transition between these two non-linear regimes,
which crucially depend on the jet length, is left for a future study.
Finally, it has to be pointed out that the case of strongly stretched jets of
low viscosity liquids like water, where Γ  1, deserves further experimental
and theoretical work. Indeed, in the experiments of Clanet & Lasheras (1999),
where water was injected through long needles, the viscous relaxation process
experienced by the jet downstream of the outlet is known to play an impor-
tant role in the global stability threshold (Sevilla, 2011). Although relaxation
effects cannot be captured with the simple one-dimensional model used in this
chapter, the possibility remains that higher-order one-dimensional descriptions
that account for radial diffusion, like the parabolic model developed by García
& Castellanos (1994), improve the theoretical predictions in cases where vis-
cous relaxation plays an important role, something that should be addressed
in a future work. Nevertheless, it is possible that the global mode discovered
by Sauter & Buggisch (2005), and revisited in the present work, also could be
present in the transition to dripping in highly-stretched jets of low viscosity
liquids like water, apart from the self-destabilizing loop described by Umemura
& Osaka (2014). To check this hypothesis, new experiments should be per-
formed avoiding viscous relaxation effects, e.g. by means of nozzles or orifices
that provide nearly uniform exit velocity profiles.
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3.1 Introduction
Once seen in Chapter 2 the important role of the injector size in the jetting
to dripping transition, it is natural to revisit the problem of drop formation,
the rich dynamics present in the dripping regimes and the transition to jetting
when varying the size of the outlet. As mentioned in Chapter 1, drop formation
is a phenomenon present in nature, everyday life situations, industrial processes
and science applications.
The dynamics before and after pinch-off was studied in the inviscid case
in the pioneering experimental work of Peregrine et al. (1990), using a liquid
bridge as a model system, as will be done in the next chapter of the present
Thesis. Shi et al. (1994) extended the work of Peregrine et al. (1990) to higher
viscosities and both Zhang & Basaran (1995) and Brenner et al. (1997) provided
time-resolved images of the bifurcations of a pendant drop.
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In the inviscid limit, drop formation was studied numerically by Schulkes
(1994) using an axisymmetric boundary integral method. Taking advantage of
the development of the one-dimensional (1D) equations, the first attempts to
simulate the formation of viscous drops at a very reduced computational cost
dealt with the quasi-steady growth of the droplet (Eggers & Dupont, 1994;
Brenner et al., 1997). The drop formation process at a nonzero Weber number
was thoroughly studied in the works of Prof. Basaran’s group, both from the
numerical and the experimental points of view, e.g. in the work of Wilkes et al.
(1999) where the phenomenon is explored for wide ranges of the governing
parameters. Later on, to show the capabilities and limitations of the 1D model,
Ambravaneswaran et al. (2002) compared their results with 2D simulations of
the Navier-Stokes equations, finding that the agreement between both models
is remarkable specially when surface tension forces dominate the problem.
The effect of viscosity in the transition from dripping to jetting, not on the
reverse transition, was studied in Ambravaneswaran et al. (2004) by numerically
simulating the 1D equations. Their numerical work revealed that, when the
liquid viscosity is large enough, the dripping to jetting transition takes place
in the absence of the intermediate chaotic dripping regimes observed in the
case of low viscosity liquids (Clanet & Lasheras, 1999; Coullet et al., 2005). In
addition, and making use of simple scaling arguments, Ambravaneswaran et al.
(2004) derived criteria to predict the transition to jetting. In a more extensive
work, accompanied by experiments, Subramani et al. (2006) characterized the
dripping regimes through bifurcations and phase diagrams, showing the high
complexity of the phenomena when varying the governing parameters. However,
these valuable works were performed at small Bond numbers, Bo ≤ 0.5, far
below the values studied in the present chapter.
For small enough flow rates, main droplets as well as tiny satellite drops
are formed periodically. As the flow rate is increased, satellites are no longer
present, giving way to a period-1 dripping regime without satellite droplets
(Zhang & Basaran, 1995; Zhang, 1999; Ambravaneswaran et al., 2002). If the
flow rate is further raised, the transition to jetting takes place. Depending on
the liquid viscosity, this transition can be preceded by more complex regimes,
namely period-2, period-4, chaotic dripping etc. as mentioned above.
The purpose of this chapter is to extend the works of Ambravaneswaran et al.
(2004) and Subramani et al. (2006) to higher Bond numbers by performing new
experiments, describing the effect that the increase of the injector size has on
the fascinating non-linear dynamics present in a leaky faucet, as well as on the
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Figure 3.1: Sketch of the flow configuration and variables used for the analysis of
the experiments.
jetting transition.
3.2 Problem description
To characterize the dynamics of the dripping regimes as well as the jetting
transition, the same parameters as in Ambravaneswaran et al. (2004) have been
used. Consider a Newtonian liquid of constant and uniform properties, namely
density ρ, kinematic viscosity ν and surface tension coefficient σ issuing from a
capillary tube of radius R, at a constant flow rate Q. In presence of gravity g,
and in a quiescent surrounding atmosphere, the drops growing and detaching
from the outlet can be characterized by the volume of the detached drop Vd,
the volume of the liquid that remains pending attached to the outlet Vp, and
the limiting length Ld, defined as the distance from the tube at the moment of
the break-up. A sketch of the flow and the definition of the relevant variables
can be observed in Figure 3.1.
The experimental setup was the same as the one used to study the jetting to
dripping transition, described in Section 2.5, and therefore similar to those used
in previous studies of jet and drop formation (Wilkes et al., 1999; Subramani
et al., 2006). The properties of the different liquids used in the present chapter
can be found in Table 3.1.
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ν [mm2 s−1] ρ [kg m−3] σ [mN m−1] Γ
2 833 18.3 3.31× 10−2
5 915 19.7 8.40× 10−2
10 935 20.1 1.68× 10−1
20 950 20.6 3.34× 10−1
50 960 20.8 8.36× 10−1
Table 3.1: Properties at 25 oC of the Sigma-Aldrich silicon oils used in the present
chapter. The last column represents the Kapitza number, Γ = 3ν(ρ3g/σ3)1/4, com-
puted using a value of g = 9.81 ms−2.
The governing parameters of the experiments are the liquid properties ρ, ν
and σ, the injector size R and the injection flow rate Q. Non-dimensionally,
the dripping and jetting dynamics can be described through the values of three
parameters, namely the Bond, Bo = ρgR2/σ, Weber, We = ρU2R/σ, and
Kapitza, Γ = 3ν(ρ3g/σ3)1/4, numbers defined as in Chapter 2, with U =
Q/(piR2). Traditionally, the Ohnesorge number Oh = η/
√
ρRσ, being η = ρν
the dynamic viscosity of the liquid, has been used in these type of studies.
Nevertheless, the use of Γ results a more natural choice, because its value de-
pends only on the liquid properties for a given value of g. Thus, a change in
the value of Γ implies only a variation of the working fluid. In contrast, when
using Oh as a governing parameter, its change can be associated either with a
variation of the liquid properties or a change in the injector size.
3.3 Results
The rich non-linear dynamics of the dripping regime can be appreciated by
observing the wide diversity of responses present in a dripping faucet when
varying the governing parameters. The results presented in Figure 3.2(a) show
an example of periodic dripping, in which all the main drops detached from
the tube are equal in size and the pinch-off occurs at the same point. This
fact means that there is a single value of both Ld/R and of Vd/Vp for a given
value of the Weber number. This regime is known in the literature as period-1
or P1, and constitutes the simplest possible dripping behaviour. In contrast,
if the drops alternatively detach at two different lengths from the outlet, with
two different shapes respectively, the regime is known as period-2, or P2. There
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are also examples of odd-dynamics, such as period-3 regime or P3, reported in
the literature. In addition, apart from these periodic regimes, the ejected drops
may exhibit a chaotic behaviour, CD, with different volumes and detachment
lengths without following any repeatable pattern.
The periodic regimes P1, P2 and P3 described in the previous paragraph
are depicted in Figures 3.2(a), (b) and (c) respectively. Figure 3.3(a) shows an
example of chaotic dripping while in Figure 3.3(b) the values of the dimension-
less detachment length for i consecutive droplets are represented, confirming
the chaotic behaviour of the regime. The values of the governing parameters in
each case can be found in the corresponding figure captions.
It is important to point out that the presence of satellite droplets will be
addressed in Section 3.3.3. Therefore, in the dripping regimes mentioned above,
and summarized in the phase maps presented in the following sections, there
is not an explicit differentiation between cases with and without satellites, pro-
vided that the main droplets exhibit the same behaviour.
3.3.1 Dripping to jetting transition. Phase diagrams at
constant Kapitza number
There are many examples in the literature in which qualitative or ad-hoc criteria
are used to decide when the transition to jetting takes place. As an example,
Clanet & Lasheras (1999) considered that the jetting regime occurred when the
value of the limiting length accomplished the criterion Ld/R ∼ 20. Nevertheless,
this approach, which is valid in the case of water in a first approximation, fails
when the viscosity of the liquid increases. Therefore, the criterion used in the
present work follows that of Ambravaneswaran et al. (2004): the transition
to jetting can be easily identified because values of Ld/R and Vd/Vp undergo
sudden and large changes at the same time, as clearly evidenced in Figure 3.4.
The detachment length increases abruptly at a value of We = Wej , as can
be appreciated in Figure 3.4(a), while the volume ratio suddenly decreases at
the same Weber number Wej , as represented in Figure 3.4(b). In addition, the
shaded region represents the hysteresis associated with both transitions (Clanet
& Lasheras, 1999). Once a jet is formed, the flow rate can be reduced below the
value of Wej prior to drop formation. Thus, the jetting to dripping transition
occurs at a Weber number Wed < Wej .
The same analysis has been performed for different values of Bo, as sum-
marized in Figure 3.5. The shadowed zones in Figure 3.5 correspond again to
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Figure 3.2: Examples of consecutive drops in the case of P1 regime (a), P2 (b)
and P3 (c). The values of the governing parameters in each case are Bo = 2.2,
We = 1.11 × 10−2, Γ = 0.17 (a), Bo = 0.7, We = 6.65 × 10−2, Γ = 0.33 (b) and
Bo = 1.0, We = 4.69× 10−2, Γ = 0.17 (c).
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small Bond numbers, are unable to capture the experimental results presented
here for larger values of Bo. The experimental results shown in Figure 3.6
can be fitted to a power law Wej ∼ Bo−n, obtaining n ≈ 1.3 in the case of
Γ = 0.83, and n ≈ 1.5 when Γ = 0.33. These power laws are represented
with dashed lines in Figure 3.6. This strong dependence on the Bond number
for a fixed value of Γ suggests that the scaling laws preiously proposed in the
literature must be reconsidered. In fact, making use of the relationship Γ =
3OhBo1/4, the prediction Wej ∼ Bo−3/2 for the silicon oil of ν = 20 cSt yields
Wej ∼ Oh6 which is in marked contradiction with the scaling law proposed in
Ambravaneswaran et al. (2004) for intermediate Ohnesorge numbers, namely
Wej ∼ Oh−6.
3.3.2 Phase diagrams at constant Bond number
To illustrate the effect of the viscosity on the dynamics the results have also
been represented in a Γ-We plane at a constant value of Bo. Figure 3.7(a)
shows the results for the case Bo = 1.0, while in Bo = 2.2 in Figure 3.7(b). In
agreement with the results of Ambravaneswaran et al. (2004) and Subramani
et al. (2006), it can be observed that the decrease of the viscosity of the liquid
leads to more complex dynamics. Thus, a region of chaotic dripping at small
values of Γ can be found in Figure 3.7. In addition, it is clear from Figure 3.7
that there exists a critical value of Γc which divides the phase diagrams into
two zones, one with simple dynamics for Γ > Γc and other for Γ < Γc where
regimes other than P1 and J can be found. It is because of this reason that the
viscosities of the liquids used for the experiments reported in this chapter are
smaller than those considered in Chapter 2. Note that larger values of Γ lead
to phase maps qualitatively similar to that already discussed in Figure 3.6(a).
The choice of Bo = 1.0 allows a comparison with the numerical results
of Subramani et al. (2006). In their work, the authors present only a few
computations to illustrate the dynamics at high Bond numbers. It should be
highlighted that the value of Bo ≈ 0.96 considered by Subramani et al. (2006)
although high compared with the values Bo ≈ 0.3 and Bo ≈ 0.5 thoroughly
studied in previous works is still much smaller than the value Bo ≈ 5 reached in
the present study. Figure 3.7(a) shows a small region of odd-dynamics, namely
period-3, in fair agreement with the values Bo = 0.97, We = 0.05, Γ = 0.3
reported by Subramani et al. (2006).
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Figure 3.9: Example of satellites presence in period-2 regime, showing the case of
P2S1 for Bo = 1.38, We = 2.93 × 10−2 and Γ = 0.17 (a) and P2S2 for Bo = 2.2,
We = 1.53× 10−2 and Γ = 0.17.
should be pointed out that the presence of satellite droplets in period-2 dripping
has not been previously reported, since large enough injector sizes are needed
for their appearance, and all the previous studies were done for values of the
Bond number too small for the existence of these new regimes.
3.4 Conclusions and future works
In this chapter, both the dripping dynamics and the transition to jetting have
been revisited through new experiments, reaching values of Bo up to one order
of magnitude larger than in previous studies on drop formation. As suggested
by Subramani et al. (2006), it has indeed been shown in the present chapter
that larger injector sizes increase the complexity exhibited by a leaky faucet, to
such an extent that the previous scaling laws (Ambravaneswaran et al., 2004)
break down when the value of Bo varies in a wide range. The comprehensive
experimental work has been summarized through new phase diagrams, based
on the dimensionless parameters more adequate than those used in the pre-
vious studies, using the Kapitza number Γ, which depends only on the liquid
properties, instead of the Ohnesorge number Oh. In addition, and thanks to
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the experimental results of Chapter 2, the hysteresis of the dripping to jetting
transition has been quantified for the first time for a working liquid different
from water, namely ν = 50 cSt. Finally, new regimes with satellite droplet
formation have been found at high enough values of Bo.
The phase maps depicted in this chapter could be improved by adding points
in the regions where the dynamics results more interesting. This could be done
either by means of numerical simulations or by performing new experiments,
with the purpose of overcoming the limitations associated with the discrete ex-
perimental points reported in this study: smooth variations in the parameter
space through experiments imply the need of an even more intensive experi-
mental sweep than those already performed in this chapter. Moreover, it would
be interesting to extend the quantification of the hysteresis to other viscosities
apart from the one presented here. In addition, the influence of the injector
radius on the transition to jetting clearly deserves further theoretical effort,
aimed at deriving new scaling laws able to account for this effect.
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4.1 Introduction
As pointed out in Chapter 1, colloidal suspensions are present in a number of
applications, and the basic knowledge about the detailed dynamics of drop and
jet formation with these kind of complex fluids is, at least, a step behind their
Newtonian counterpart.
After the pioneering work of Nicolas (2002) on gravity-driven suspension
jets, the first authors to identify different stages in the pinch-off of a suspension
were Furbank & Morris (2004, 2007). They defined an early stage in which
the suspension behaves like a continuum medium, characterized by an effective
viscosity. While the presence of particles increases this viscosity, experimental
measurements suggest that in the second regime the thinning of the ligament
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no longer follows the behaviour predicted by the effective viscosity, being accel-
erated due to effects associated with finite particle size. Precisely this second
regime was thoroughly studied by Lidner and coworkers (Bonnoit et al., 2012;
Brertrand et al., 2012; Van Deen et al., 2013) with a large set of dripping ex-
periments of polystyrene beads in silicone oil, varying the concentration and
the particle size. Specifically, they looked at the evolution of the minimum
diameter, and compared it with several Newtonian oils of different viscosities,
establishing that the presence of particles accelerates the break-up. More recent
and thorough experiments due to Mathues et al. (2015) revealed that the neck
thinning process decelerates again during the final stages prior to break-up and
approaches the behaviour of the matrix fluid close to the pinch-off event. Until
recently (Lidner et al., 2015; Zhao et al., 2015), this deceleration stage had not
been detected in experimental studies.
The accelerated thinning mentioned above arises from variations in local par-
ticle density. As the filament becomes thinner, these variations are amplified,
leading ultimately to sections of the filament containing no particles. Sections
of the filament with a low particle density have a lower effective viscosity and
therefore the thinning dynamics is accelerated. To test this hypothesis, McIl-
roy & Harlen (2014) made use of a simple one-dimensional model in which
the viscosity is determined from the local particle density, found by tracking
individual particles within the suspension. In the latter model, particles only
contribute to the dynamics through the local viscosity, so the direct effects of
hydrodynamic interactions and effects of the individual particles on the free
surface are not included. Nonetheless, their model is able to reproduce the ac-
celerated thinning found in the experiments, as shown by Mathues et al. (2015),
where the self-similar Newtonian scalings are used to support the hypothesis
of a solvent-governed break-up. Nevertheless, the final self-accelerated stage
is not properly described by the numerical simulations of McIlroy & Harlen
(2014) in the important case of small particles and high concentrations, and
therefore deserves further analysis. Actually, the hypothesis of a Newtonian
break-up governed by the solvent properties proposed by Mathues et al. (2015)
is motivated by the fact that in the decelerated zone both the fitted viscosity
from the experimental thinning data and the rescaled profiles coincide with the
liquid properties. However, the number of experimental points gathered during
this stage is quite limited, so additional evidence is needed.
The purpose in this chapter is to model the final thinning stages of the liquid
trapped between two particles of finite diameter as a stretching Newtonian
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liquid bridge with a non-uniform prescribed movement of the confining particles.
The starting point of the present modelling effort is the work of McIlroy &
Harlen (2014), which shows why initially randomly distributed particles lead to
local viscosity variations that amplify into regions of accelerated thinning and
eventually lead to particle-free filaments. Precisely this late stage, which seems
to be solvent-governed is modelled here numerically, thereby complementing
the work by Mathues et al. (2015).
4.2 Problem definition
4.2.1 Physical description
Capillary break-up experiments were performed with a CaBER-1 extensional
rheometer from Thermo Scientific. Sample volumes of the suspensions were
loaded between two circular disks, which were later separated to create an
unstable liquid bridge. The evolution of the filament was monitored with a
high-speed camera, equipped with a lens system that provides resolution enough
to identify individual particles in the suspension filament. More details of the
experimental procedure can be found in Mathues et al. (2015), and the setup
is thoroughly described in Mathues (2015).
Once the suspension sample is stretched, it follows the evolution qualita-
tively described in Section 4.1. When the concentration fluctuations lead to a
particle-free section in the filament, the interstitial fluid thins until the break-up
occurs between two end particles, which can be clearly identified as in Figure 4.1.
This process resembles the small-scale stretching of a Newtonian filament, in
which the particles play the role of moving end-plates. Thanks to the spatial
resolution of the experiments, the particles can be tracked over time, providing
the stretching velocity profile of the fictitious boundaries associated with the
continuous phase thinning.
The suspensions used consisted of non-Brownian spherical particles, dis-
persed in polydimethylsiloxane oils, whose properties are summarized in Ta-
ble 4.1. As a reference case, a suspension of volume fraction φ = 10% of
polystyrene particles with radius Rp = 20 µm, 10PS20, diluted in a PDMS oil
of viscosity η = 360 mPa s, shall be considered. Other systems are also studied
in the present chapter, varying the particle size, the concentration, and the
matrix viscosity. All the experimental input in this chapter has been provided
by Wouter Mathues and Christian Clasen, from KU Leuven.
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Figure 4.1: Magnified images of the final stages of the capillary break-up of 10%
PS20 in PDMS2. The number in the bottom left corner indicates the time to pinch-off
t¯p− t¯ in ms and the scale bar represents 50 µm. The final thinning takes place between
two particles which are highlighted by the grey circles. Figure taken from Mathues
et al. (2015).
η [mPa s] ρ [kg m−3] σ [mN m−1]
PDMS 1 180 1070 21.0
PDMS 2 360 970 21.0
Table 4.1: Properties at 25 oC of the Sigma-Aldrich silicone oils used as suspension
matrices.
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Figure 4.2: Sketch of the flow configuration and the variables used in the model.
4.2.2 Mathematical model
To describe the temporal evolution of the small-scale stretching filament, the
fluid trapped between the two end particles is modelled as a Newtonian liquid
bridge. Therefore, a liquid of constant density ρ, surface tension coefficient σ,
and dynamic viscosity η is considered, corresponding to the fluid used as the
suspending medium. The liquid is held captive between two circular plates of
radius R, which move vertically with velocities v¯0
(
t¯
)
and v¯L
(
t¯
)
, in presence
of the gravitational field g. Thus, the distance between the plates L¯
(
t¯
)
is
a function of time. A sketch of the flow configuration can be observed in
Figure 4.2.
Considering the liquid bridge axisymmetric, and neglecting the effect of
the surrounding atmosphere, the local radius h¯
(
z¯, t¯
)
and axial velocity u¯
(
z¯, t¯
)
can be modelled using the one dimensional equations for mass and momentum
conservation, derived by Eggers & Dupont (1994),
∂h2
∂t
+ ∂(h
2u)
∂z
=0, (4.1)
1
Oh2
(
∂u
∂t
+ u∂u
∂z
)
=− ∂C
∂z
+ 3
h2
∂
∂z
(
h2
∂u
∂z
)
−Bo
(
1 + a0
g
)
, (4.2)
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where the curvature C in the pressure gradient term is given by
C = h−1
[
1 +
(
∂h
∂z
)2]−1/2
− ∂
2h
∂z2
[
1 +
(
∂h
∂z
)2]−3/2
, (4.3)
retaining its full expression that includes both the radial and the axial terms.
The variables in (4.1)-(4.3) have been made dimensionless using the plate
radius as characteristic lengthscale, zc = R, and the viscous-capillary velocity
uc = σ/η as the velocity scale. Thus, the system (4.1)-(4.2) only depends on
the Ohnesorge number, Oh = η/
√
ρσR, the Bond number Bo = ρgR2/σ, and
the non-dimensional inertia a0/g, being a0 = dv¯0/dt¯, which must be taken
into account because of the election of the accelerating Eulerian frame moving
with the lower end-plate. Notice that throughout this chapter, barred symbols
denote dimensional variables.
The contact line is assumed to be pinned to the plates, h(0, t) = h(L, t) = 1,
and in the moving frame of reference considered, the bottom plate is steady
u(0, t) = 0, while the upper one moves with velocity u(L, t) = v = vL(t)−v0(t).
As initial condition for the temporal evolution, the simplest choice would
consider the bridge as a static cylinder, namely h(z, 0) = 1 and u(z, 0) = 0.
4.3 Numerical procedure
To solve the equations (4.1)-(4.2) numerically, the method of lines described
in Furlani & Hanchak (2011) has been implemented. Accordingly, the spatial
derivatives are discretised using a second-order finite difference scheme, and the
time derivatives can then be solved as a set of ordinary differential equations
for the discretised radii and velocities.
Although the spatial domain evolves over time due to the plate movement,
a fixed computational domain 0 ≤ ξ ≤ 1 is used to ease the implementation of
the spatial derivatives and also to avoid the need of an adaptative method. To
that end, the instantaneous domain length is used as a rescaling parameter of
the form ξ = z/L(t). This mapping introduces in the equations (4.1)-(4.3) the
metrics given by the chain rule which, for the i-th spatial derivative, reads ∂iz =
1/Li∂iξ. The time derivatives are also modified, yielding ∂t = ∂τ − (v/L) ξ ∂ξ,
being τ = t the computational time, which is not rescaled.
To increase the numerical stability of the method, two staggered grids are
used for the computation of the radii and the velocities, as suggested by Furlani
& Hanchak (2011). Thus, the local radius h is computed at n equidistant points
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Figure4.3:Staggeredcomputationalgrid.
inthecomputationaldomain,whilen−1velocitynodesareuniformlyplaced
interlacedmidwaybetweenthosedefinedforhasshowninFigure4.3. The
detailsofthediscretisationcanbefoundinAppendixB.
ThetemporalevolutionissolvedusingMatlabR ode15sbuilt-infunction,
whichisavariableorder,multistep,implicitsolver,capableofhandlingstiff
problems.
Thecodewastestedusingtwoparticularcases,i.e.thestaticshapeofa
portionoffluidheldcaptivebetweentwoplates,andthecaseofastretching
liquidbridgeataconstantvelocity(Zhangetal.,1996),obtainingexcelent
agreementwiththereferencedatainbothcases.Inaddition,gridtestswere
performedtoensureindependenceofthenumericalresultsonthediscretisation.
AlthesimulationsreportedinSection4.4arecomputedusingn=200,and
therelativeerrorinvolumeconservationislessthan0.6%forthereferencecase
mentionedabove. Thenumberoftimestepsisnt∼500toprovidesmooth
evolutionsoftheshapesandvelocityfields. Withthissetofparameters,the
timeneededtoperformasimulationislessthan3minutesinastandarddesktop
computer.
4.4 Results
4.4.1 Constantplateradius
Themodelproposedinthepresentworkwasvalidatedbycomparingthenu-
mericalresultswiththeexperimentsperformedinKULeuven. Tothatend,
onerepresentativerunofthe10PS20suspensioninPDMS2waschosenasthe
referencecase.Here,thevaluesofthegoverningparametersareOh=9.6and
Bo=2.1×10−3.InFigure4.4(a)thevelocityv,andthedimensionlessinertia
a0/garerepresentedasafunctionoftimetopinch-offtp−t,forthiscaseandthe
comparisonbetweenthenumericalycomputedandtheexperimentalevolution
oftheminimumradiusofthestretchingfilamentisplottedinFigure4.4(b).
FromtheresultsshowninFigure4.4(b)itcanbededucedthatalthoughthe
trendofthesimulationisthesameasintheexperiment,obtainingagood
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imposing the simplest possible size time evolution, namely a linearly decreasing
law. In dimensional variables, this corresponds to R
(
t¯
)
= R0 − (Rf −R0)t¯/t¯p,
being Rf the plate radius when the filament pinches off, at time t¯p. The value
of Rf can be roughly estimated as twice the particle radius.
In Figure 4.5(a), the evolution of the minimal radius over time is presented
for the case with Rf = 30 µm. As can be observed, the decreasing size of
the plates improves the agreement between the simulation and the experiment,
demonstrating that the hypothesis of fixed boundary condition is too restrictive.
Nevertheless, the use of such a simple law entails several drawbacks. At the
early times, when the stretching velocity is small, the evolution of the minimum
radius coincides with the instantaneous plate size, instead of the neck of the
filament. Thus, the simulated shapes during these initial stages are more similar
to a barrel than to an hourglass. The inset of Figure 4.5(a) shows a detail of the
initial stage, in which a change in the slope of the computed evolution can be
observed, corresponding to the unphysical result mentioned above. In addition,
Rf is a free parameter of the model, whose value can be selected to improve
the agreement between the numerical and experimental results. In summary,
the minimum radius of the liquid bridge is better reproduced when considering
that the end plates shrink with time, but the simplicity of a linearly decreasing
law implies that the shape of the whole filament is not properly captured in
all the spatial domain, specially near the ends. An example can be found in
Figure 4.5(b).
4.4.3 Experimentally determined plate radius
To improve the agreement with the experiments, as well as to eliminate any free
parameter, the model can be improved to simulate more realistic conditions.
Thus, in the present section, instead of supposing a linear decrease of the plate
radii, the real evolution of the radius at both ends, h¯(0, t¯) = h¯exp(0, t¯) and
h¯
(
L¯, t¯
)
= h¯exp
(
L¯, t¯
)
is imposed. As can be observed in Figure 4.6, where
these the temporal evolutions are plotted for the reference case, the boundary
conditions are far from being constant. Moreover, it can be appreciated that
they are not equal for both plates, although its tendency is similar.
As can be observed in Figure 4.6, h¯(0, 0) 6= h¯ (L¯, 0), so the initial condition
of a cylindrical shape used until this point is no longer valid. Therefore, the
real shape of the filament extracted from the experiment has also been used as
initial condition for the interface profile h¯ (z¯, 0) = h¯exp (z¯, 0). With these new
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4.5 Conclusions
In this chapter a simple model to describe the final thinning stage of particulate
suspensions has been developed. This final behaviour had not been correctly
captured in previous studies, which only provided good descriptions of the thin-
ning dynamics at earlier stages of the process. Considering the interstitial fluid
between two end particles as a small-scale Newtonian liquid bridge, the one-
dimensional mass and momentum equations due to Eggers & Dupont (1994) are
capable of describing the shape evolution of the stretching filament, provided
that the velocities and the radii at both ends extracted from the experiments
are used as boundary conditions. The results are in excellent agreement with
the experiments for different cases, including variations of the particle size, the
concentration and the matrix viscosity. Moreover, the calculations involve an
extremely low computational cost, running in a standard personal computer in
a few minutes. The results obtained herein clearly demonstrate that the end
pinching dynamics of a dilute particulate suspension, which rheologically con-
stitutes a non-Newtonian system, corresponds to a Newtonian fluid break-up.
However, these thinning and rupture differ qualitatively from the evolution of
a destabilized Newtonian liquid bridge between two fixed plates, since the non-
uniform movement of the end particles adds an active stretching mechanism,
apart from the capillary pressure driven thinning.
Once demonstrated in this chapter the convenience of the proposed model
to describe the dynamics, a natural extension of this work would be to derive a
predictive model. Thus, if both the velocities of the tracked end particles, and
the time evolution of the filament radii at these positions could be predicted as
functions of the properties of the suspension, the simulations performed in this
work would turn independent of the experiments. This modelling effort would
have to deal with the non-Newtonian behaviour of the colloidal suspensions,
which is out of the scope of this Thesis. However, the model presented here
could be used in its current state to study the detailed thinning and break-up
of stretched foam filaments, in those cases where the pinch-off event occurs in
a liquid bridge stretched between two bubbles. Finally, another line of interest
deals with possible phase transitions taking place during the stretching process
of the bridge. As a prominent example, the heat transfer with the environment
causes the solidification of lava filaments in volcanic eruptions (Villermaux,
2012). Based on this interesting natural phenomena, one can envision prac-
tical applications where the formation of micrometric solid strands is controlled
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thanks to the interplay between axial stretching and radial heat transfer.
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Concluding remarks and future prospects
5.1 Conclusions and summary of the results
In this dissertation, several new linear and non-linear phenomena of practical
relevance in the context of extensional capillary flows have been studied. The
approach combines experimental, theoretical and numerical tools aimed to prop-
erly account for the competing mechanisms present in these flows, namely in-
ertia, surface tension and viscous forces, under the presence of axial stretching.
The results presented in this Ph.D. Thesis can be summarized according to
the different tasks accomplished by this point. From a theoretical point of view,
clear definitions of the different problems and their mathematical modelling, as
well as their numerical solution by developing home-made tools have been suc-
cessfully accomplished. To perform the experiments, the design, construction
and set-up of an experimental facility has also been necessary.
It is important to emphasize that the choice of the one-dimensional model
for the theoretical description allows to achieve accurate predictions despite
its simplicity, with a very little computational cost compared to full Navier-
Stokes simulations. In addition, this simplicity is undoubtedly an advantage to
understand the underlying physics, compared to more intricate models.
The experimental work performed has allowed to check the validity of the
developed models and, in those cases where modelling has not been accom-
plished, the experimental result obtained were the only vehicle to show the
dynamics, apart from revealing new phenomena.
In the first part of the Thesis, a global linear stability analysis of freely falling
liquid jets has been performed. The work, both theoretical and experimental,
shows the accuracy of the one-dimensional model to describe the transition
to dripping, provided that the exact expression of the interfacial curvature is
retained. Indeed, the consideration of the axial curvature has been crucial for
the analysis, and has revealed its central role in stabilizing the highly stretched
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liquid thread. The model developed has been shown to provide much better
agreement with the experimental jetting to dripping transition events than those
available in the literature (Sauter & Buggisch, 2005). In particular, the results
surprisingly reveal that, at a certain point far from the outlet, a thinner steady
thread can be obtained by increasing the injector radius.
In the second part, which deals with the fully non-linear phenomena present
in the dripping dynamics, an extensive experimental work has been performed.
The influence of the injector diameter both on the dripping dynamics and on the
transition to jetting has been characterized through new experiments, covering
unexplored regions of the governing parameter space. These experimental re-
sults have been summarized in new phase diagrams and reveal the failure of the
previously available scaling laws (Ambravaneswaran et al., 2004) to predict the
jetting transition, when the Bond number is increased. Moreover, the experi-
ments carried out in the first part of the work have allowed to quantify for the
first time the hysteresis present in the jetting transition in the case of a liquid
different from water. Finally, the finding of new regimes with satellite drops
not previously reported has to be highlighted, thanks to the use of injectors of
large enough diameters.
The last part of the dissertation confirms the capabilities of the one-di-
mensional mass and momentum conservation equations to describe the type
of extensional flows considered in this work. While in the first part of the
Thesis the one-dimensional model was used to predict the global linear stability
properties of a gravitationally-stretched liquid thread, in the last part the non-
linear deformation and break-up of a stretching filament is modelled using the
same system of equations, obtaining again an excellent agreement with the
experimental results. The latter model, resulting from the need to improve the
understanding on how particulate suspensions thin and break (Mathues et al.,
2015), demonstrates that the last stages of the pinching dynamics correspond
to a Newtonian behaviour of the interstitial fluid trapped between two end
particles, that effectively act as boundaries with a time varying velocity. The
results of the model were compared with different set of experiments and confirm
the convenience of the one-dimensional equations even when dealing with non-
linear phenomena.
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5.2 Outlook for future research
Although future works related to each specific part of the dissertation have been
already introduced in the corresponding chapters, the main lines are summar-
ized here for completeness.
The long-term dynamics of globally unstable jets cannot be predicted with
the linear stability analysis presented in the first part of the Thesis. However,
once the capability of the one-dimensional equations to describe also non-linear
behaviours has been demonstrated in the last part of the dissertation, the study
of the conditions determining whether the self-excited oscillations either grow
in time or evolve towards a limit cycle deserves a future study.
Another line of interest is the use of fluids with non-Newtonian rheologies,
or with modified properties as in the practically important case of surfactant
addition. Indeed, if the constitutive law of the working fluid does not require the
introduction of a relaxation time, the linear stability analysis can be straightfor-
wardly applied. Thus, it would be of interest to consider generalized Newtonian
fluids, using the strain-thinning behaviour as a starting point.
Finally, the work on stretching liquid bridges can be extended along two
different paths. The first one would be the detailed study of foam thinning
and break-up, and check the validity of a model consisting of a liquid bridge
being stretched between two bubbles. The second proposed line of research
would deal with the problem of coupling heat transfer and phase transition
phenomena with the stretching scenario, leading to liquid bridges that may
solidify during or after the thinning and break-up processes.
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APPENDIX
A
Spectral discretisation
The equation (2.20) and the system (2.25) are discretised with a spectral Cheby-
shev collocation method. Since the jet domain is 0 ≤ z ≤ L, while Chebyshev
nodes are defined in −1 ≤ y ≤ 1, it is necessary to define a proper mapping to
represent the physical domain. The particular mapping chosen in this work is
given by equation (2.34), and reproduced here for completeness,
z = bL(1 + y)2b+ L(1− y) . (A.1)
The metrics introduced by the use of the mapping (A.1) can be easily calculated,
and for the i-th derivative read
∂iy
∂zi
= (−1)i+12i! b(b+ L)
L(b+ z)i+1 . (A.2)
Thus, derivatives in physical space can be obtained by applying the chain
rule,
∂
∂z
= ∂y
∂z
D1, (A.3)
∂2
∂z2
= ∂
2y
∂z2
D1 +
(
∂y
∂z
)2
D2, (A.4)
∂3
∂z3
= ∂
3y
∂z3
D1 + 3
∂2y
∂z2
∂y
∂z
D2 +
(
∂y
∂z
)3
D3, (A.5)
where D1, D2 and D3 are the first, second and third order Chebyshev differen-
tiation matrices respectively, discussed in detail in Weideman & Reddy (2000).
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B
Finite difference discretisation
The continuity equation (4.1) is computed at the n points corresponding to
the local radius grid ξhi . Taking into account the metrics introduced by the
mapping, explained in Section 4.3, the discretised continuity equation reads
2hi
dhi
dτ = −
1
L
∂(h2u)
∂ξ
∣∣∣∣
ξh
i
+ v
L
ξhi
∂h2
∂ξ
∣∣∣∣
ξh
i
, (B.1)
where
∂(h2u)
∂ξ
∣∣∣∣
ξh
i
=
uih
2
i+1/2 − ui−1h2i−1/2
∆ξ (B.2)
and
∂h2
∂ξ
∣∣∣∣
ξh
i
=
h2i+1/2 − h2i−1/2
∆ξ (B.3)
with hi+1/2 = (hi + hi+1)/2 and hi−1/2 = (hi + hi−1)/2, yielding
dhi
dτ =
(hi+1 + hi)2(vξhi − ui)− (hi + hi−1)2(vξhi − ui)
8L∆ξhi
, (B.4)
for i = 2, . . . , n− 1. Note that h1 = h(z = 0) and hn = h(z = L) correspond to
the boundary conditions, which are known.
The momentum equation (4.2) is discretised at the n−1 nodes of the velocity
grid ξui , after applying the chain rule to convert the physical domain into the
numeric one:
dui
dτ =
v
L
ξui
∂u
∂ξ
∣∣∣∣
ξu
i
− 1
L
u
∂u
∂ξ
∣∣∣∣
ξu
i
−Oh2 1
L
∂C
∂ξ
∣∣∣∣
ξu
i
+
+ 3Oh2 1
h2
1
L
∂
∂ξ
(
h2
1
L
∂u
∂ξ
)∣∣∣∣
ξu
i
−Oh2Bo
(
1 + a0
g
)
. (B.5)
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The advection terms in equation (B.5) are discretised using an upwinding
scheme,
v
L
ξui
∂u
∂ξ
∣∣∣∣
ξu
i
− 1
L
u
∂u
∂ξ
∣∣∣∣
ξu
i
= − 1
L
(
u+d− + u−d+
)
, (B.6)
being u+ = max{ui−vξui , 0}, u− = min{ui−vξui , 0}, d− = (ui−ui−1)/∆ξ and
d+ = (ui+1 − ui)/∆ξ.
The pressure term, corresponding to the curvature gradient, results in
∂C
∂ξ
∣∣∣∣
ξu
i
= Ci+1 − Ci∆ξ , (B.7)
where
Ci = 1
hiA
1/2
i
− hi+1 − 2hi + hi−1
2L2∆ξ2A3/2i
. (B.8)
being
Ai =

1 +
(−3h1 + 4h2 − h3
2L∆ξ
)2
, for i = 1
1 +
(
hi+1 − hi−1
2L∆ξ
)2
, for i = 2, . . . , n− 1
1 +
(
hn−2 − 4hn−1 + 3hn
2L∆ξ
)2
, for i = n.
(B.9)
The viscous contribution reads
1
h2
∂
∂ξ
(
h2
∂u
∂ξ
)∣∣∣∣
ξu
i
= 1
h2i+1/2
h2i+1
∂u
∂ξ
∣∣∣
ξu
i+1/2
− h2i−1 ∂u∂ξ
∣∣∣
ξu
i−1/2
∆ξ (B.10)
with
∂u
∂ξ
∣∣∣∣
ξu
i+1/2
= ui+1 − ui∆ξ ,
∂u
∂ξ
∣∣∣∣
ξu
i−1/2
= ui − ui−1∆ξ , (B.11)
yielding
1
h2
∂
∂ξ
(
h2
∂u
∂ξ
)∣∣∣∣
ξu
i
= 4(hi+1 + hi)2
h2i+1(ui+1 − ui)− h2i (ui − ui−1)
∆ξ2 . (B.12)
Thus, the discretised momentum equation reads
dui
dτ =−
1
L
(
u+d− + u−d+
)−Oh2 Ci+1 − Ci
L∆ξ +
+ 12Oh2
h2i+1(ui+1 − ui)− h2i (ui − ui−1)
L2∆ξ2(hi+1 + hi)2
−Oh2Bo
(
1 + a0
g
)
, (B.13)
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for i = 1, . . . , n− 1.
In the cases i = 1 and i = n, the values of the velocities in two ghost
nodes, namely u0 and un are needed. These values can be calculated imposing
the boundary conditions, taking into account that those are known in nodes
that do not belong to the grid in the case of the velocity. Hence, u(z = 0) =
u1/2 = (u0 + u1)/2 = 0, giving u0 = −u1. Similarly, u(z = L) = un−1/2 =
(un−1 + un)/2 = v, so that un = 2v − un−1.
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